Mathematics

(Chapter — 4) (Principle of Mathematical Induction))
(Class - XI)

Exercise 4.1
Question 1:
Prove the following by using the principle of mathematical induction for all

neh:
. ‘ (3;1 - I)
143+3° +..+3" ==
2
Answer 1:

Let the given statement be P(n), i.e.,

(1)

P(n): 1 +3+3%2+ ..+3"! = ~

For n = 1, we have

(3'=1) 3-1 4

, Which is true.

(%]
(SRS

Let P(k) be true for some positive integer k, i.e.,

(3 -)

1+3+32 +..+3""' = (1)

We shall now prove that P(k + 1) is true.

Consider
1+3+32+ .. 43k 4 3kHD)-1

=(1+3+32+...+ 31 + 3
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= L+3 [l,,"sing (i)]

Thus, P(k + 1) is true whenever P(k) is true.
Hence, by the principle of mathematical induction, statement P(n) is true
for all natural numbers i.e., N.

Question 2:

Prove the following by using the principle of mathematical induction for all

nehl:
‘ ‘ / p e \ 2
1~‘+2‘+3~‘+...-:n‘:(""’7 I,)}
L 2
Answer 2:

Let the given statement be P(n), i.e.,

P(n): P+2°+3+..+n° :( "(":I-’J
\ P

For n = 1, we have

P(1): 13 =1= (l(lj—ﬂ)] ={¥] =1"=1 , which is true.
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Let P(k) be true for some positive integer k, i.e.,

v (1)

P+2 +3 +..+k =

We shall now prove that P(k + 1) is true.
Consider

13423433+ . +Kk3+ (k+1)3
=(13+23+33+ .. +K3)+(k+ 1)

=[M]z+(k+|)‘ [ Using (i) ]

,{: v I: 3
B K (k+1) +a4(k+1)
B 4
:(/c+l)‘{/c3+4(k+l)}

4
B (k+1) &7 +4k+4]
4
(k1) (k+2)
B 4
(k1) (k+141)
4

:[(k+|)(k+|+|)]’

2

Thus, P(k + 1) is true whenever P(k) is true.
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Hence, by the principle of mathematical induction, statement P(n) is true

for all natural numbers i.e., N.

Question 3:

Prove the following by using the principle of mathematical induction for all
nehl:

l | I 2n

I+ + i d
(142) (14243)  (14243+.n) (n+l)

Answer 3:

Let the given statement be P(n), i.e.,

| 1 | 2n
P(n): T+4——+ =it =
[+2 1+2+3 14+2+3+.n n+l

For n = 1, we have

2.1

P(1): 1= =

T =1, which is true.

(SRS

Let P(k) be true for some positive integer k, i.e.,

| ] 1 2k
4 ——+..+ + ot

= (1)
1+2 |+2+43 [+2+3+..+4k k+]
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We shall now prove that P(k + 1) is true.

Consider
1 1 | l

1+ + +...+ +
[+2 1+2+3 1+2+3+..+k 14243+ +k+(k+1)
( 1 I I ) 1

=[1+ + +..+ ‘+
\ 1+2 1+2+3 1+243+.k) 14243+ +k+(k+1)
2k et

= + ! [Using (1)]
k+1 1+2+3+. . +k+(k+1)

2 |
k4 : : |+’.2+3+...+n:"('“r )
k+1 [(/;+l)(/<+l+|) 2

>
L 2
2k 2

(k+l)+(k+l)(k+2)

2 I
= k+ ]
(k+1)0  k+2
2 k? +2k+1
_(k+1)< k+2 >
2 (k +1)?
S k+1D)| k+2
_2(k+1)
 (k+2)

Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true

for all natural numbers i.e., N.
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Question 4:

Prove the following by using the principle of mathematical induction for all
neN:

n(n+1)(n+2)(n+3)
1.23+234+ .. +nn+1)(n+2)= — ;7

4
Answer 4:

Let the given statement be P(n), i.e.,

P(N): 1.2.3+2.3.4+ .. +n(n+1)(n+2) = ”.("*'-)(”:2)("*3)

For n = 1, we have

P(1): 1.2.3 =6 = '('”)“12)(”3): "2;3"4:6 , which is true.

Let P(k) be true for some positive integer k, i.e.,

1234234+ .. +k(k+1) (k+2) =KEsD(E=2)(k+3) ()

4

We shall now prove that P(k + 1) is true.

Consider

1.2.3+234+ . +klk+1)(k+2)+(k+1)(k+2)(k+3)
={1.23+234+ .. +k(k+1)(k+2)}+(k+1)(k+2)(k+3)
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_ k(k+1)(k+2)(k+3)

" +(k+1)(k+2)(k+3)

=(k+1)(k+2)(k+3)

(A+1)(A+T1+1)(A+1+2)(k+1+3)
4

Thus, P(k + 1) is true whenever P(k) is true.

[Using (i)]

Hence, by the principle of mathematical induction, statement P(n) is true

for all natural numbers i.e., N.

Question 5:

Prove the following by using the principle of mathematical induction for all

neh:
(2n-1)3"'+3
4

13423 433 +..+n3" =

Answer 5:

Let the given statement be P(n), i.e.,

D

2 3 2n-1)3"" 4+

P(N) : 13423433 4otnd = l 2
For n = 1, we have

: (21-1)3"'+3 3243 12

P(1):1.3=3 = e == =<3

Let P(k) be true for some positive integer k,

, Which is true.

i.e.,
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134237433 +.. 443" =

(2k-1)3""+3

(i)

We shall now prove that P(k + 1) is true.
Consider

1.3+ 2.32+3.33 + ... + k.3k+ (k + 1).3k+1
= (1.3 +2.32+ 3.33 + ..+ k.35 + (k + 1).3k*1

2k—1)3"*'+3 e
=( 1 +(k+1)3"" [l.'sing(i)]
(26-1)3"" 43+ 4(k+1)3"

4
=3‘“-:2k-|+4(/<+|)}+3
4

3" {6k +3}+3

4
_3"3{2k+1}+3

4
_ 32k +1}+3

4

(2(k+1)-1}34" +3
a 4

Thus, P(k + 1) is true whenever P(k) is true.
Hence, by the principle of mathematical induction, statement P(n) is true
for all natural numbers i.e., N.

> s <
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Question 6:

Prove the following by using the principle of mathematical induction for all
nehN:

+1 2
|.2+2.3+3.4+...+n.(n+|):|:"(” g(”‘r )}

Answer 6:

Let the given statement be P(n), i.e.,

B 2
P(n): I.2+2.3+3.4+...+n.(n+I):["(” lg('w )}

For n = 1, we have

P(1): l.2=2=l(l+ll(l+")=li' =2 , which is true.

&)

Let P(k) be true for some positive integer k, i.e.,

k(k+1)(k+2
1.2+23+34+..... +A'.(k+l)=[ ( 2( = )} e ()

We shall now prove that P(k + 1) is true.
Consider

12+23+34+ .. +k(k+1)+ (k+1).(k+2)

=[1.2+23+34+ .. +k(k+1)]+ (k+1).(k+2)
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_k(k+1)(k+2)

By

D

+(k+1)(k+2)

\

=(k+1)(k+ 2)|\§+ I J

(k+1)(k+2)(k+ 3)

-

(k1) (k151 (k+1+2)

~

2

Thus, P(k + 1) is true whenever P(k) is true.

[Using (i)]

Hence, by the principle of mathematical induction, statement P(n) is true

for all natural numbers i.e., N.

Question 7:

Prove the following by using the principle of mathematical induction for all

nehN:

L9V

+3.5+5.7+...+(2n- l)(2n+ )=

-
3

Answer 7:

Let the given statement be P(n), i.e.,

P(n): 13435+5.7+..+(2n-1)(2n+1)=

ST <
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n(4n’ +6n-1)

n(4n’ +6n-1)
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For n = 1, we have

l(4.l’+6.l—l)_4+6_1 9
3 33

P(1):13=3= -3 , which is true.

Let P(k) be true for some positive integer k, i.e.,

k(4k° +6k-1)

-
J

LS
+
L
N
+
N
e |
+

ton# (26 =1)(2k + 1) = - (1)

We shall now prove that P(k + 1) is true.

Consider

(1.3+3.5+57+ ...+ (k-1) 2k + 1) + {2(k + 1) - 1}{2(k + 1) +
1}

>[n <
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k(457 +6k—1 ;
=( il )+(2k+2—l)(2k+2+|) [Using ()]

o

k(4K +6k 1) .
= = +(2k+1)(24 +3)

-

k(4k7 +6k—1)
= D

k(4K +6k —1)+3(4k" + 8k +3)
B 3
ARk — k1257 + 24k +9

-
b J

Ak + 18k +23k+9
3
ALK 9k + 4k + 14k +9

+(4k% + 8% +3)

-
>

k(467 14k +9)+ (447 +14k+9)
3
(A+1)(44" +14k +9)
3
(k+1){4k™ + 8k + 4+ 6k +6—1|

-y
2

(k+1){4(k* +2k+1)+6(k+1)-1}
- 3
(k+1){4(k+1) +6(k+1)-1}
B 3

Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true

for all natural numbers i.e., N.

> = <
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Question 8:

Prove the following by using the principle of mathematical induction for all
neN: 1.2 +

222+ 322+ ...+n2"=(n-1)2"1 + 2

Answer 8:

Let the given statement be P(n), i.e.,

P(n): 1.2 +2.22+3.22+ ... +n.2"=(n-1)2"1 + 2

For n = 1, we have

P(1):1.2=2=(1-1)21"*1 4+ 2 =0+ 2 = 2, which is true.
Let P(k) be true for some positive integer k, i.e.,

1.2 +222+3.22+ ..+ k2k=(k-1)2k*1 4+ 2 .. (i)

We shall now prove that P(k + 1) is true.

Consider

—

2+2.27+32° +.+ k2 +(k+1)- 2"

(k—=1)2""+2+(k+1)2""
~ 4

THE-1)+(k+1)}+2

=2t 24 2
={(k+1)-1} 2" 42

Thus, P(k + 1) is true whenever P(k) is true.

13

Get More Learning Materials Here : & m @) www.studentbro.in



Hence, by the principle of mathematical induction, statement P(n) is true

for all natural numbers i.e., N.

Question 9:
Prove the following by using the principle of mathematical induction for all

neh:
| | 1 | |
— e —= ] ——
2 4 8 27 2
Answer 9:

Let the given statement be P(n), i.e.,

: ot !-~+-...+~l~=l~~l

1
P(n): é + ‘-A:‘ ) 8 F)H ")'f’

For n = 1, we have

Y , Which is true.

o | —
| -

P(1):
Let P(k) be true for some positive integer k, i.e.,

—t—t—t.b=l- (i)

We shall now prove that P(k + 1) is true.
Consider

14
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1
2 8
={|—£—J+ .], [Using ()]

Thus, P(k + 1) is true whenever P(k) is true.
Hence, by the principle of mathematical induction, statement P(n) is true

for all natural numbers i.e., N.

Question 10:

Prove the following by using the principle of mathematical induction for all
nehN:

S S n

+ + +...+
2.5 58 8.11 (3n-1)(3n+2) (6n+4)

Answer 10:

Let the given statement be P(n), i.e.,

I I I n
—t——+..+ =

25 58 811 7 (3n-1)(3n+2) (6n+4)

For n = 1, we have

> <
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1 1 1 1
_=m=6_|+4=m , Which is true.

Let P(k) be true for some positive integer k, i.e.,

o1 | k

— + +.ot =
25 58 811 7 (3k-1)(3k+2) 6k+4

. (1)

We shall now prove that P(k + 1) is true.

Consider
WG W A— ' 4 :
25 58 811 77 (Bk=1)(3k+2) {3(k+1)—1}{3(k+1)+2]
k 1 7
T6k+4  (3k+3-1)(3k+3+2) [Using (]
__k I
6k+4 (3k+2)(3k+5)
k |

= +
2(3k+2)  (3k+2)(3k+5)
I (k1 )
L |
(3k+2)L2 3k+5)
. o k(3k+5)+2)
2(3k +5) J

N 3A"’+5A-+21
- | 2(3k+5)
- (3k+2)(k+1))
S (Bk+2)l 2(3k+5) }
_(k+1)

6k +10

(k1)

C6(k+1)+4

>T 6 1<
ucnrene €9
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Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true

for all natural numbers i.e., N.

17
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Mathematics

(Chapter —4) (Principle of Mathematical Induction))
(Class - XI)

Exercise 4.1

Question 11:

Prove the following by using the principle of mathematical induction for all
neh:

1 1 | o I n(n+3)
O e =
123 234 345 n(n+1)(n+2) 4(n+1)(n+2)

Answer 11:
Let the given statement be P(n), i.e.,

1 1 | 5 I n(n+3)
RO 2 =
1.23 234 345 n(n+1)(n+2) 4(n+l)(n+2)

P(n):

For n = 1, we have

1-(1+3) 1-4

. I e —
P):12373 -

- which is true.
T+1)(1+2 4.2.3 1-
( ) ) '

O

-
2tn

Let P(k) be true for some positive integer k, i.e.,

| l | k(k+3)
. + +..+ =
.3 2:3-4 345 k(k+1)(k+2)  4(k+1)(k+2)

i)

1D |

]-
We shall now prove that P(k + 1) is true.

Consider
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1 1 I 1 1
+ + Stk +
{1-23 2:3-4 3-4-5 k(k+|)(k+2)} (k+1)(k+2)(k+3)

N k(k+3) 1 P .
“HE )+ D)) [Using ()]
L [k(k+3) 1]

SNk +2)|” 4 k<3|

) I {k(k+3)3+4[
(k+1)(k+2)| 4(k+3) |

B I [k(k*+6k+9)+4|
"(A-+|)(k+7)'[ ak+3) |

[k + 6k +9A+4[
3|

Tk +l)(A +'>)[
K +2k% +k+4k> + 8k +4|
(A+l)(A+7) 4(k+3) |

I [/\(/.--’+2/¢+|)+4(k’+2A-+1)l

~(k +1)(k+2) | 4(k +3) |

B | k(k+1) +4(k+1)

_(k+l)(k+2){ 4(k+3) }
(k+|)1(k+4)

T A(k+1)(k+2)(k+3)
(k+1){(k+1)+3}

T a{(k+ 1)1 {(k+1)+2)

Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true

for all natural numbers i.e., N.

Get More Learning Materials Here : & m @& www.studentbro.in



Question 12:

Prove the following by using the principle of mathematical induction for all
nekl:

"
u(r —I)
2 -1
a+ar+ar +..+ar’ =— l
"_

Answer 12:
Let the given statement be P(n), i.e.,

, u(r" - I)
P(n):a+ar+ar’ +..+ar"" = =T
r—

For n = 1, we have

u(r' —l)

P(l):a=———>=a , which is true.

(r=1)

Let P(k) be true for some positive integer k, i.e.,

a+ar+ar- +....... +ar’ =— - o (1)

We shall now prove that P(k + 1) is true.

Consider
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2 3 &+1)-1
: a+ar+ar +..... + ar ; : - cu" )

B U(I" ~|)

—‘T'f‘(ll"- [LJ&lllg(l)]
- a(r* =1)+ar (r-1)
- r—1

& £+ I3
u(r —l)+ar —-ar

r—1
1

A A+ ¢
ar' —a+ar'’ —ar

r—I1

A+l
ar —d

r—1

Thus, P(k + 1) is true whenever P(k) is true.
Hence, by the principle of mathematical induction, statement P(n) is true

for all natural numbers i.e., N.

Question 13:

Prove the following by using the principle of mathematical induction for all
nehN:

/ \ Y [ 2n+1) ) )
(143 [|+3J[1+1|...L|+@l:(n+|)‘
) 4 )\ n

Answer 13:
Let the given statement be P(n), i.e.,
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p(,,);(| +%J(|+%)(I +%)...[I+(2T;l)] =(n+|):

For n = 1, we have

3 2 ) .. P
P(l):(l +T]= 4=(1+1) =2" =4, which is true.
Let P(k) be true for some positive integer k, i.e.,

(|+%][|+§J(|+%Jn.[|+(2ij')J=(/\-+|)3 (1)

We shall now prove that P(k + 1) is true.

Consider
(o2)0w5)0 ) B e B
=Gty |+2((i—:ll))-ﬂ} [Using(l)]

(ks 3F(k+|)2+2(,\'+l)+|
=(k+1) _ (k+1)’ }

=(k+1)" +2(k+1)+1

={(k +1)+ l}'

Thus, P(k + 1) is true whenever P(k) is true.
Hence, by the principle of mathematical induction, statement P(n) is true

for all natural numbers i.e., N.
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Question 14:
Prove the following by using the principle of mathematical induction for all
nekl:

[I+%J[I+%J[I+%)...(I+%:|=(n+l)

%

Answer 14:
Let the given statement be P(n), i.e.,

A4 \/ l

I)(vu):(l+{ [l+.l-;J|\l+—:)...‘:I+'ll']:(n+l)

~
2

J

For n = 1, we have
P(I):(I+%J=2:(l+l) , Which is true.

Let P(k) be true for some positive integer k, i.e.,

P(k_):[l+ﬂ(l+I:J(I+T:]...(l+%J=(k+l) . ()

e

We shall now prove that P(k + 1) is true.

Consider

> <
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=(k+|‘)[_l+kil) [l'sing (I)]
_ (k+1)+1]
@ "[ G+ )

Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true

for all natural numbers i.e., N.

Question 15:

Prove the following by using the principle of mathematical induction for all
neN:

2 a5 » n(2n=1)(2n+1
" +3 +5° +...+(2n—])’:n( =) G )

%
J

Answer 15:
Let the given statement be P(n), i.e.,
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2,22, &2 » 2n—=1)(2n+1
P(")=|'+3‘+5'+...+(2n—|)'=n( n-1)(2n+1)

Forn =1, we have
, 1(2.1-1)(2.1+1) L.1. :
P(l)=I"=1= ( 2( ’ )=I 13=I. which is true.
D >

Let P(k) be true for some positive integer k, i.e.,

: I s k(2k=1)(2k+1
P(k)=1"+3"+5"+..+(2k-1) = ( }( +1)

()

We shall now prove that P(k + 1) is true.
Consider

12432457 4+ (k=1 L+ L2(k+1)-1)°
| |G f

k(2K =1)(2k+1)
- 3

=k(2k-l3)(2k+l)+(2k+l):

k(2k=1)(2k +1)+3(2k+1)
- 3
(2k +1){k(2k = 1)+ 3(2k +1)}

-

J

(2k+1){2k* —k + 6k +3}

+(2k+2-1) [ Using (1)]

-~
o

> s <
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(2k +1){2k7 + 5k + 3}
3
”A+l)"’k +2k +3k + 3}
3
:(2k+|){2k(k+|‘)+3(k+|)}
3

2k +1)(k+1)(2k+3)
- 3
:(k-q-l){z(k+ ) =1 {2(k+1)+1}

-
D

Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true

for all natural numbers i.e., N.

Question 16:

Prove the following by using the principle of mathematical induction for all
nehl:

| | | ] n

—-3.—+_

14 47 710 " (3n-2)(3n+1) (3n+1)

Answer 16:
Let the given statement be P(n), i.e.,

>[5 <
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P(”).l,lll+‘ | o
1.4 47 7.0 T (3n-2)(3n+1) (3n+1)

For n=1. we have

P(1) I I I

| G 4
= = =—=——_which is true.
1.4 3.1+1 4 14

Let P(k) be true for some positive integer k, i.e.,

P(A’)=L+L+ | ot l, ot
14 47 700" " (k=2)(3k+1) 3k+I

We shall now prove that P(k + 1) is true.

Consider

>[w | <
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o K o | [, |
47477700 T Gh-2)(3k+1) [ [3(k+1)—2}3(k+1)+1}

k I Bienlite
“3k+l (Gk+1)(3k+4) [ Using (1) |

J
[

[ |
:(3A-+|)J[k+(3/c+4)}
1 kGk+4)+1|
TGken| (Gked) |
1 [k a+1]
C(Bk+1) | (Bk+4) |
| ._[3/:1+3k+k+l]»_
C(Gk+1)|  (3k+4) |
_ Bk D(k+1)

(3k +1)(3k + 4)
_ (k+1)
3(k+1)+1

Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true

for all natural numbers i.e., N.

>[w | <
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Question 17:

Prove the following by using the principle of mathematical induction for all

nehN:

| ] ] n
.. F

(2n+1)(2n+3) 3(2n+3)

Answer 17:

Let the given statement be P(n), i.e.,

I

-
& R

l
-—— —

P(n):

| I n
Fodsch: =
57 79 (2n+1)(2n+3) 3(2n+3)

wn

For n = 1, we have

: —_— , Which is true.
3.5 3(2.1+3) 35

Let P(k) be true for some positive integer k, i.e.,

P(/\'):}I +§I7+7|9+..,+ :

(2 +1)(2k+3)  3(2k+3)

g

We shall now prove that P(k + 1) is true. Consider

>[w <
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1 | I 1
o —t—t .+
3.5 .5F 7.9

k l

| [ 2k% +5k+3
| 3(2k+5)
1 [ 2K 42k+3k+3
| 3(2k+5)
o [2k(k+1)+3(k+1)
- 3(2k +5)

]+-{é(k+|)+

(2k +1)(2k +3)

I

Thus, P(k + 1) is true whenever P(k) is true.

{2(k+1)+3)

[Using (l)]

Hence, by the principle of mathematical induction, statement P(n) is true

for all natural numbers i.e., N.

>[5 <
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Question 18:

Prove the following by using the principle of mathematical induction for all
nehN:

1 \2
I+2+3+...+n<§(2n+l)

Answer 18:

Let the given statement be P(n), i.e.,

o]

P(n):l+2+3+...+n<%(2i?+l)
O

It can be noted that P(n) is true for n = 1 since

1 o
l<—=(2.14+1) =
S(2.141)

xR | \O

Let P(k) be true for some positive integer k, i.e.,

l+2+...+k<;(2k+1): (1]

We shall now prove that P(k + 1) is true whenever P(k) is true.

Consider

14
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(142+..+k)+(k+1)< ;(2/\‘+ I)" +(k+1) [l.ising(l)]
it B

<8{(2k+1) +8(k+1),

&) {4k + 4k +1+ 8k +8!
8. J

l ol y
<—{4k* +12k+9]

(2k+l):+(k+l)

Hence, (I+2+3+...+kv)+(k+|)<%

Thus, P(k + 1) is true whenever P(k) is true.
Hence, by the principle of mathematical induction, statement P(n) is true

for all natural numbers i.e., N.

Question 19:
Prove the following by using the principle of mathematical induction for all

neNn:
n(n+ 1) (n+5)is a multiple of 3.

Answer 19:

Let the given statement be P(n), i.e.,

P(n): n(n + 1) (n + 5), which is a multiple of 3.

It can be noted that P(n) istrueforn=1sincel (1 +1)(1+5) =12,

which is a multiple of 3.

15
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Let P(k) be true for some positive integer k, i.e.,

k (k + 1) (k + 5) is a multiple of 3.

~k(k+1)(k+5)=3m, wheremeN .. (1)

We shall now prove that P(k + 1) is true whenever P(k) is true.

Consider

(A+D){(k+1)+1{(k+1)+5]

=(k+1)(k+2)§(k+5)+1}

=(k+1)(k+2)(k+5)+(k+1)(k+2)
={k(k+I)(k+5)+2(k+I)(k+5)}+(k+l)(k+‘2)

=3m+(k+1)§2(k+5)+(k+2)}

= 3m+(k+|){‘2/\'+l0+k+2}

=3m+(k+1)(3k +12)

=3m+3(k+1)(k+4)

=3{m+(k+1)(k+4)} =3xq. where g = {m+(k+1)(k+4)} is some natural number

Therefore, (4 + I){(»k +1)+ l}{(/\' +1)+5! is amultiple of 3.
Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true

for all natural numbers i.e., N.

> [ <
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Question 20:

Prove the following by using the principle of mathematical induction for all
n e N:

1027-1 + 1 is divisible by 11.

Answer 20:

Let the given statement be P(n), i.e.,

P(n): 102"-1 + 1 is divisible by 11.

It can be observed that P(n) is true forn =1

since P(1) = 1021-1+ 1 = 11, which is divisible by 11.
Let P(k) be true for some positive integer k,

i.e., 102k-1 4+ 1 is divisible by 11.

~10%-14+1 =11m, where me N ... (1)

We shall now prove that P(k + 1) is true whenever P(k) is true.

Consider

17
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10340 4

=102 4|

=10""" +1

=107 (10" +1=1)+1

=107 (10*"" +1)=10° +1
=10%11m—100+1 [ Using (1)]
=100x11m—-99

=11(100m—9)

=|1r. wherer = (IOOm —9) is some natural number

Therefore, 10" 41 is divisible by 11.
Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true

for all natural numbers i.e., N.

>[w | <
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Mathematics

(Chapter — 4) (Principle of Mathematical Induction))
(Class - XI)

Exercise 4.1

Question 21:
Prove the following by using the principle of mathematical induction for all

neN:

x?" — y2n is divisible by x + y.
Answer 21:
Let the given statement be P(n), i.e.,

P(n): x?" - y?7 is divisible by x + y.

It can be observed that P(n) is true forn = 1.

This is so because x2*1 — y2x1 = x2 - y2 = (x + y) (x - y) is divisible by
(x + y).

Let P(k) be true for some positive integer k, i.e.,
x2k - y2k is divisible by x + y.
~Let X2k — y2k = m (x + y), where me N ... (1)

We shall now prove that P(k + 1) is true whenever P(k) is true.

Consider
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A&+ 2k
X )___‘_l 1)

24 - 24 2

=X -y -y

=( ¥ )

l

i

-y -.r" [Using (I)]

m(x+y)x*+y*-x?—y

X :m(\+\)+1

=m(x+y)x*+y™ (x - »’)
=m(x+y)x*+y* (x+y)(x—»y)

=(x+y){mx” + y™ (x—y)!}. which is a factor of (x+ y).

Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true

for all natural numbers i.e., N.

Question 22:
Prove the following by using the principle of mathematical induction for all

neN:32"+2-8n -9 is divisible by 8.

Answer 22:
Let the given statement be P(n), i.e.,
P(n): 32" +2 - 8n - 9 is divisible by 8.

It can be observed that P(n) is true forn =1
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since 32*1+2 -8 x 1 - 9 = 64, which is divisible by 8.

Let P(k) be true for some positive integer
k, i.e., 3%<+2 — 8k - 9 is divisible by 8.
~3%k+2_-8k-9=8m; wheremeN ... (1)

We shall now prove that P(k + 1) is true whenever P(k) is true.

Consider
3 _8(k+1)-9

3 —8k—9+8k+9)—8k—17

(37 -8k —9)+37 (8k+9) -8k —17
=9.8m+9(8k+9)—-8k—17

=98m+72k +81-8k—17

=9.8m+ 64k + 64

=8(9m +8k +8)

= 8r. where r =(9m + 84 +8) is a natural number

Therefore, 3**""* —8(k +1)—9 is divisible by 8.
Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true

for all natural numbers i.e., N.
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Question 23:
Prove the following by using the principle of mathematical induction for all

neN:

41" - 14" is a multiple of 27.

Answer 23:

Let the given statement be P(n), i.e.,

P(n):41" — 14"is a multiple of 27.

It can be observed that P(n) is true forn =1
since 41'-14' =27 , which is a multiple of 27.

Let P(k) be true for some positive integer k, i.e.,
41k - 14k is a multiple of 27

241Kk — 14k = 27m, where m e N ....coooevieeeeee e (1)
We shall now prove that P(k + 1) is true whenever P(k) is true.

Consider
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41** — 14!

=41".41-14"-14

=41(41" —14" +14" )—14" .14

=41(41" —14" )+ 41.14" —14" .14

=41.27m+14" (41-14)

=41.27m+27.14"

=27(41m—14")

=27 xr., where r =(4lm - 14" ) is a natural number

- ~ +1 k+1 - . ~
I'herefore, 417" —14""" is a multiple of 27.

Thus, P(k + 1) is true whenever P(k) is true.
Hence, by the principle of mathematical induction, statement P(n) is true

for all natural numbers i.e., N.

Question 24:

Prove the following by using the principle of mathematical induction for all
neN:

(2n +7) < (n + 3)2

Answer 24:

Let the given statement be P(n), i.e.,

P(n): (2n +7) < (n + 3)2

It can be observed that P(n) is true forn =1
since 2.1 + 7 =9 < (1 + 3)2 = 16, which is true.

Let P(k) be true for some positive integer k, i.e.,
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2k +7) < (k+ 3)2..(1)
We shall now prove that P(k + 1) is true whenever P(k) is true.
Consider

12(k+1)+7}=(2k+7)+2

{2 k+|)+7}=(2k+7)+2<(k+3):+2 [using (I)]
2(k+1)+7 <k’ +6k+9+2

2(k+1)+7 <k’ +6k+11

Now, k* +6k+11<k’ +8k+16

L 2(k+1)+7 <(k+4)

2(k+1)+7 <{(k+1)+3}°

Thus, P(k + 1) is true whenever P(k) is true.
Hence, by the principle of mathematical induction, statement P(n) is true

for all natural numbers i.e., N.

> <
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